University of Delaware 1LL

iwiiad ™N: 1asas2 IININAHNANOIN

Borrower: JHE

Lending String: *DLM,GUA KNV,LWATJC
Patron: Chadsuthi, Sudarat

Journal Title: Dynamic systems and applications.
Volume: 19 Issue: 3-4

Month/Year: 2010Pages: 651-666

Article Author:

Article Title: Rattanakul, C; The dynamics of a

nonlinear model of signal transduction in human
under impulsive depressant drug treatment

Imprint: Atlanta, GA ; Dynamic Publishers, ¢1992-

ILL Number: 75146875

VSO0

Call#: current issue

Location: periodicals room

Shipping Address:
Johns Hopkins University
Eisenhower Library - {LL
3400 N. Charles St.
Baltimore, MD 21218
Fax: (410) 516-8596
Email: ill@jhu.edu

Ship via: Odyssey
Billing: Exempt

Odyssey: 162.129.243.195

Ariel: 128.220.8.249
OO 0 O A

This material may be protected by copyright
law (Title 17 U.S. Code).




*OUI ‘sIBYSTTqRd OTweuiq®) 00°ST$ 9.72-9507 010z ‘¢ Axeniqeg peaTadsy

07Ul S9)©} OS[E [oPOW JY ], "1UIIXS UIeIIdD © 07 20€[d 9xe} 0 SURBIQUID [[80 Y] SSOIoe
s103deoer pajdnos suouwioy oy Jo j1odsuery swos Surmof(e &q [1] ut ;ppout a1 ‘[¢] pue
[z] ut ‘perpipowr oAy “10%IqIyuT UR £q pajenSa1 os[e s 1BYy) sseo0Id e ‘(sreydsoyd-ouow
AUISOUAPE OI[0AD) N YO SUOULIOY AIBPUODSS 9] JO UOI2Id3S S8 YONS ‘SUOIJOUN] IB[N[[e)
A9y 1938113 wWiny Ul YPIYM ‘SIUBIOEDI [RUIIUI JO SIIISS B 07 SITBSSOW [BUISIXS Ae[al
‘puedT] 1o suouIoy Sureudis oy} Yilm SUIpUIq UO ‘Yoiym sIojdessl punog suelquiswl
Sutajoaut ‘g0z ul 1] sersa[S] 4q pesodoid jey) uo peseq si [epoW Y, PoIOPISUCD
SI ‘sSnip juessaldep jo jusuryesll aalsndull Iepun ‘uewing Ul $s8001d UOONpSULY)

reusis oy SuIquIosap suolyenbs [BIIUSISYIP JesUI[UOU JO UIasAs e ‘Ieded siy) uj

‘suorjedridde [edIUl[o Ul 153193Ul JB9I3 JO oI SUISISAS (ONs JO sousueuied
pue £111qe)s 243 ‘2I0jpIsy ], "[0IIU0D 01 TVIFIP SW0ds(q ARUI 1e1} $9SU0dSaI Ure}isd
QYU 10 syepnuIns jeyl sesind reudis soustredxe pInod s[[eo Sulal] Suowre sse001d 3w
-reudis y Sunsnp doio 1o ‘Surisearey oipoulad yjim weysAs £s1d 1ojepeid e ‘sduexs
104 (sesinduar otpoirad) spealsjul swily renbes e ‘dorp idnige ue o ‘dum[ spmb e

soouslIsdXe SIQRIIBA UI)SAS B UOIYym Ul ‘SAls[NdWI oI8 9INJBU UL SWSISAS AUBy

NOILDNJOYINI I

01V6e "uolyedyisse[D 102fqng (SOW) SNV

‘s19joureIed WeysAs oY) uo suorypuod ojerrdordde 1opun paalssqo aq Arw wON|os d1potted
aanyisod 9jqels JO 20USSIOWS Y)Y ‘Onjea [EdN}UID UlRlId & puoiaq sesesroul polrad aarspndurr ay) se
ey} UAOYS S 91 ‘A[[eUl] "USALS UST) aTe we)SAS o) Jo sousuruired 10§ STUOMIPUOD 3], AN[eA [BOBID
swos wey) ssa] st poued sasinduwr oY) Woym ‘euwruwolewse]ld pue sUBIQUSW [[90 3Y} U0 sioydadar
punoq puesy oy1 jo Ajsusp Surgstoea ay3 1 ‘uonn[os dipousd s[qes e St 2IeU3 JBYI MOYS 3\
-pazdreue pue pesodoid st ‘yustnyesr) juessaldop salsindu Jopun ‘QwAzus SuIqIyul Ue pue s103deoal

pardnos suow 10y SulA]0AUI ‘sse00ld Uoonpsuel} [eusls 873 JO [SPOUI [edljewayjew ¥ "LOVHLSIYV

pue[iey ], ‘{HSIOATU[) [OPTYRJN ‘90usiog Jo A3moeq ‘sotsdyd jo juewreds(,
pue[tey,], ‘to1yedonpy I9YSiH U0 UOISSIUIWO))
OQYRd ‘SO1BWAYJRIN UL 3JUS[[8OXH JO 213U3))
pueey ], ‘A}ISISAIU[) [OPIYRIN 99USIOG JO A3noeyg ‘sonyeayiely jo juawreds;

LOJINVIML "M ANV (NOSONOM T 'AHNEINAT "A ‘yIAMVNVLIIVE D

INAWILVAYIL DNYd LNVSSEHdAd
AAISTNAINI HIANN NVINNH NI NOILONASNVHL
TVNDIS 40 TAAOW YVANIINON V 40 SOINVNAJ HHL

999-159 (0707) 61 suorreor1ddy pue sweisg otueuiq




652 C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO

account the amplification effect that the secondary hormone exerts on the primary
external signals. In [4], measurements of intracellular cAMP were made using Fisher
rat thyroid cells expressing type II vasopressin receptors. This experimental data
was then fitted with the cAMP level calculated from the model in [2], observing that
the simulated curve fits the experimental data rather well although there are some
discrepancies that need further investigations. It also suggests that other physical
factors may be at play which we need to take into account.

Abnormalities of signal transduction pathways have been linked to the develop-
ment of many serious disorders, such as cancer which derives from a cell that has lost
the ability to respond normally to controls from outside, or inside, the cell [5]. Many
tumors produce ectopical amounts of biologically active hormones that create dys-
functions of the signal transduction process leading to abnormal effects. Hormones
and antihormones are used to treat certain types of cancer. Many cancers are related
to the status of hormones in the body. An avenue of cancer treatment is to utilize
appropriate hormones as chemotherapeutic agents. For example, tamoxifen can inter-
fere with the offensive effects of estrogen, resulting in the inhibition of cellular growth
of the tumor. For another example, Vasopressin has been proposed for its potential
effect of slowing down the flow of blood that tumors depend on for growth [6].

We incorporate such periodic drug treatments or external signals by using the
following impulsive system.

dxl bll‘] bg.’L‘l
1.1 b —ayTy — =
( ) dt a1 bg +$¥ b41131 + 5 fl(xlaxZ)v t _TL kT
d.’l?z
(12) E = —Q2Z9 + A3T] = fg(.’l’l. 172), t 73 kT
(1.3) LT = —py } t= kT,
Azy=p
k € Z,. where

A:L‘,(t) = .’L‘i(t+) — IK,‘(t), 1= 1, 2
T is the period of the impulsive effect of drug treatments. z:(¢) is the density above
the basal level of ligand coupled receptors (LCR) on the cell membrane, z,(¢) is that
of the inhibiting agent, a, is the specific removal rate of z1 by natural means, a, is
the specific removal rate of z, by natural means, and a; is the rate of production of

b

T2 per unit of the hormone coupled receptors z;.

The second term on the right of equation (1.1) accounts for the internalization of
Z2 across the cell membrane which is assumed here to saturate as 1 becomes high.
The third term accounts for the amplification effect of the secondary hormone on the
first messenger’s signaling strength. In (1], this effect was assumed to vary directly as
the level of the secondary hormone C(t) at any time ¢, the production rate of which
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was assumed to vary as the squa:
the activated units of adenylate

relatively quickly, they then arriv
(1.4)

where 55 is a positive constant,
of cAMP. The activated units of
inhibiting agents I as:

(1.5)

so that, according to [1] and 2],

in the form

(1.6) Ci

where b = kbs. Details of the de

In this paper, the primary h
1 of LCR above the basal level,
consider that it may be more reas
varies as the current level of the

we arrive at
(1.7)

in which we have also assumed
hormone (cAMP) is negligible a
This then leads to the third ter

constant of variation.

Equation (1.3) accounts for
which reduces the stimulating st
in LCR by the fraction p,0 < p
amount y, i > 0.

In Section 2, we give some le
In Section 3, the conditions whic
odic solution at the vanishing lev
possible provided the treatment
and stability of positive periodic
Section 4. The last section then
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654 C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO

2. PRELIMINARIES

In order to prove our main results, we need to give some lemmas which need the
following definition [7].

Definition 2.1. Let V : R, x R2 — Ry, where R, = [0,00), be continuous in

(nT,(n+ 1)T] x R% and for each z € R%, n € Z,, - li(mT+ )V(t,y) = V{(nT*,1)
ZY = e

exists. Also, let V' be locally Lipschitzian in z. Then, for (¢,z) € (nT, (n+1)T] xR,

the upper right derivative of V (¢, ) with respect to the impulsive differential system
(1.1)—(1.3) is defined as

D*V{t,z) = limsup %[V(t +h,z+hf(t,x)) = V(L)
h—0+

where f = (f1, f2).

The solution z(t) = (z1(t), z2(¢)) of (1.1)—(1.3) is a piecewise continuous function,
z : Ry — R? continuous on (nT, (n+1)T), n € Z,, and z(nT™*) = t_l.i,?% z(t) exists.
Thus, the global existence and uniqueness of solutions of (1.1)—(1.3) are assured by
the smoothness properties of f.

Since -d—;—tl = 0 whenever z;(t) = 0, t # nT, %2 > 0 whenever z,(t) = 0, t # nT,
and r1(nT*) = (1 —p)z1(nT), 0 < p < 1, zo(nT+) = zo(nT) + p, pu > 0, we have the
following lemma.

Lemma 2.2. Suppose z(t) = (x1,x2) is a solution of (1.1)-(1.3) with z;(0%) > 0,
t=1,2. Then, 2;{t) > 0,i=1,2, fort > 0 if z;(0F) > 0, i = 1,2.

Next, we show that all solutions of (1.1)-(1.3) are uniformly ultimately bounded.

Lemma 2.3. There exists a constant M > 0 such that z; < M, i = 1.2, for each
solution z(t) = (x1,z2) of (1.1)—(1.3) with all t sufficiently large if

(21) ay > as

Proof. Letting V(t) = V(t,z(t)) = 21(t) + z2(t), and choosing
¢ = min(a; — ag, as)

which is positive, we have when ¢ # kT that
by
bg + l'%

b3

D*V(t)+cV = — -
(t)+c¢ air; bez, + 2,

— Q2Z2 + a3T1 + €T1 + CTo

S (—(11 + ¢+ (13).’1,‘1 +b+ (—ag + C).’L‘Q S b
where b= . That is, when ¢ # kT, D*V < —cv +b.
When t =t = kT,

V(KTT) = 2y (kT™) + 22(kT™) = 21 (k) — pz1 + zo(ts) + 1 < V{tg) +

DYNAMIC

By Lemma 2.2 in [5], for t € (KT,

V(t) < V(0)e™® +

1
= V(0)e™® + -

(
/,LSCT
el —1

So, V(t) is uniformly ultimately
M > 0Osuch that z; < M, 1= 1,

Finally, we consider the follc

d:
(2.2) r
(2.3) T (kT
(2.4)

We see that the following functi
Fo(t

for t € (kT,(k+1)T), k € Z.,
that

Thus, the solution of (2.2)-(2.4)
1)T) and therefore we have the

Lemma 2.4. The system (2.2)
every solution z2(t) of (2.2)-(2.

Hence, system (1.1)-(1.3) b
(2.5) (0,

for kT <t < (k+1)T, and Zs(/
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656 C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO

3. VANISHING STIMULUS AND PERMANENCE

We first give the conditions that guarantee the locally asymptotic stability of the
periodic solution (0, Z5(t)) at the point of vanishing stimulus.

Theorem 3.1. Let z(t) be any solution of (1.1)~(1.3). Then, (0,Zo(t)) is locally
asymptotically stable if

(3.1) T < Tax
with
max b
(3.2) LML PR AT
a9 2 bg 1-— D

Proof. Consider a small amplitude perturbation of (0, Z5(t)):

We may write

where @ satisfies

b, b
4o —a; -2 +2 0
bl b, | T &
dt
as —Qa2

and ®(0) = I. the identity matrix. Hence, the fundamental solution matrix is
b b
¢ 1 3
ex —a; ——+—ds 0
b = p fo ( ! bQ .’L’Q)
* exp fot(—ag)ds

for which 1t is not necessary to find the exact expression for (*) since it is not required
in the following analysis.

Linearization of (1.3) gives

ukT*)\ [ 1-p 0 w(kT)
v(kTT) 0 1 v(kT)
The stability of the periodic solution (0, Z2(t)) is determined by the eigenvalues of

A[(J:(lgp O><I>(T)

DYNAMICS

According to the Floquet theory,

observe that

T
ids :
o T2
Hence, |v;| < 1 if
4 ‘
(3.4) by - - sinh? 2
Qg

Letting 1(7T) be the function on
then we see that $1(0) — $2(0) <
3, — By is increasing for T > 0,
at which 31 (Thax) = S2(Tmax) an
complete.

We next investigate the perm
definition.

Definition 3.2. System (1.1)—(1.
m, M > 0 (independent of initial v:
z(t) with all initial values z;(0%) >
may depend on the initial values.

Theorem 3.3. The system (1.1)-

(3.5)

Proof. Suppose z(t) = (z1,22) is a
Lemma 2.2, there is an M > 0 suc

From (1.2), we know

! dz,
which are dt
(3.3) v = (1 — p)efg(_al_%+%)ds Iz(t+)
and and we have

ve=e"%T <1
7777777 R
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for all ¢ large enough and some ¢ > 0, so that Integrating (3.9) over (kT (k +
ue_‘”T

z2(t) > I _oaF €=M z,((k+ 1)T) > z1(KT)(1 - p) ex
for ¢ large enough. Thus, we only need to find an m; > 0 such that — 2.(KT)n
z1(t) > my, for ¢ large enough. then
Step 1 From the arguments in Theorem 3.1, we see that if T > Ty, then T (N +K)T) 2
(+1)T b, b which is a contradiction to the bot
(3.6) (1-p) exp/ (—al - b—l + .—3> dt >1 that
kT 2 X2
where
. pexp(—as(t — kT)) Step 2 If z1(t) > mg, for all t > ¢,
1 —exp(—asT) such that
By continuity of the integral in (3.6), if msz > 0 and &1 > 0 are small enough, then
(k+1)T b b Then, let t* = inf{t : z;(t) < ma}
(3.7) n=(1-p) eXp/ (—a1 -1y ——“‘—) dt > 1 en inf{
kT by  bymz+ 24 Case 2.1 t* = k; T, for some k; €
also, where Z = I, + “‘7'2”1 5(t)
We will prove that x,(t) < 73 cannot hold for all ¢t > 0. Otherwise,
and
d *
72;2- = —02%2 + a32; < —AoZo +asmg, t#£kT mg > Il(t +)
ks, k3 € Z, such that
To(t') = z(t) + . t= AT Choose Ko ks € B+
ifz1(t) >0
if 2, (t) > (1 — p)* exp(kam T)f
We then obtain z5(t) < z(¢) and 2(t) — 2(t), t — oo, where z(t) is the solution b
of wherem:—al——%+m<c
dz Let T' = kT + k3T. We claim
—d—; = —apz(t) + azmy , t#£kT
(3.8) 2(tT)=z2(t) + p , t# kT
z(0%) = z,(0%) Otherwise (3.9) holds for t* + kT
and (3.10) (" 4
. pexp(—aq(t — kT))  as . e
z(t) = + — t te [ttt 4
®) 1 —exp(—a,T) asg 3 € (KT, (k +1)T] On the other hand, for [
Therefore, there exists a t; > 0 such that @_1 > z4(t) (—a
(3.11) dt
To(t) < 2(t) < Z(t) + &, T (th) =
and Integrating (3.11) over [t*,t* + k]
dz; by bs _’El(t* + koT
—Zznt)l-a -+ —" t# kT
(3.9) dt — 7(t) ( “ by bamg+Z4e ) # .
2y (t7) = (1 - p)za(2) , t#EkT Substituting into (3.10), we have
fort >t. Let N € Z, and NT > t,. o(t"+T) >
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660 C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO
which is a contradiction.
Hence, there is a t, € (¢*,t* + T} such that
l'l(tg) > mga
So, let t = tifzf- {t :z1(t) > ma}. Then, for t € (t,%), z.(t) < ms and z;(f) = ms since
z1(t) is left continuous and
21(t7) = (1 = p)a1(t) < zy(¢)
when ¢ = kT
For t € (t*.1) suppose t € (t* + (I = 1)T,¢* +IT), | € Z, and | < ky + ks. From
(3.10), we have
7(t) 2 ()1 - p)Fexp((l — DmT) exp(m(t — (" + (1 — 1)T))
> ma(1 — p)' exp(ImT)
> ma(1 — p)** 8 exp((ko + k3)T) = m}

So. we have z(t) > m] for t € (t*.) and z;(f) > mz. We can repeat the argument
for t > ¢ to obtain the result that z1(t) > my > 0 for t large enough.

Case 2.2 t* £ kT, for all k € Z,. Then,
z1(t) > mg fort € (,t)
and
z1(t") = ms.

Suppose ¢* € (KT, (k] + 1)T) for some &, € Z,. There are 2 possible cases for
te (t (K +1)7T).

Case 2.2 a) z,(t) < mg for all t € (¢, (K, + 1)T). We claim that there must be
aty € [(n} + 1)T,(ny + 1)T + T’] such that z;(#}) > ms. Otherwise, similarly to
Case 2.1. we get

21 (K + 1+ ks + kg)T) > 2y (K, + 1 + k) T)n™

On the other hand, for ¢ € (*, (k{ + 1)T), (3.11) holds on [t*, (k] + 1+ ko + k)T,
and z;(t) < m;. so that we have

z1((ky + 1+ k2)T > ma(1 — p)*2 exp((k + 1)m T)
Thus.

T ((ky + 1+ kg + k3)T) > ma(1 — p)*2 exp((kq + DmT)n™ > ma,
a contradiction.

Let t = zi>n:f-{t 1 x1(t) > mgz}. Then,

z1(t) <mg forte (t* 1)

DYNAMICS

and

Fort € (t*,), suppose t € (K{T+(I'
Then, we have

z,(t) > my(1 — p)f
> ms(1 —p)*

So, z1(t) > my for t € (t*,1). The
z;() > ma. We thus get z:(t) > m

Case 2.2 b) There exists a t € (t*
Let £ = gltf_{t s zy(t) > ms}. T

Iy (t) j

and

For t € (t*,1), (3.11) holds and inte
x1(t) > 21 (") exp
Using the fact that z;() > mg, we

Hence. we obtain z;(t) > m; >

We now investigate the possib
the system (1.1)-(1.3) near (0, Z, (

For this purpose, it is more co
as given in (3.2). The system (1.1)

dz
(3.12) d—tl = —0QT1 +
dz
(3.13) — = oz -
Ay (1)
(3.14) Aza(#)

By Theorem 2 of [8], we then

Theorem 3.4. The system (1.1)-
percritical provided (2.1) and (3.5
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Proof. Relying on the notations used in [8], we have

Fi(z1,22) = —aozy + azxs
Fa(@1, 22) = —azzz bzbfig b;fj 12 )
O1(z1,72) =71 + L,
O2(z1,72) = (1 = p)zs
C(t) = (22(1).0)7
Ty = (Z2(70),0)T.

We then can determine the relevant quantities as follows.

5o, 7o tor, A*F, * OF,
Ty, = —d _ ——Z
81513172( 0 %0) /0 P (/u 0z S) B0z, T (/0‘ Oz, ds) duJ (70.20) <0

. 2
since aa £ } == <.
F19%2 | (16.20) 2
. 2
Since £—lg§; = 0, we have

B _8_93 < 8>, N 5% ®, 1006, 09,
Oz \O70zy 0110719 ap 0x; Ot

Noting that, if (3.5) holds,

a-1-2m]
(70,70)

0P, tOF,
Fr. = exp —ds >0
L1 (10.x0) 0 axl (70.z0)

3_‘1’1} _ _Gpexp(—agTo)
or o 1 — exp(—as7p)

5% d, } oF, ox /t ang }
= —a —das
87'81'2 (70.0) 811:2 p 0 81'2 (70,20)

b b tOF.
= (—a1 -2y ~—3> exp/ ——stJ > 0.
b T 0 072 J(nag)

We conclude that

<0

B <0

Next, since ©; and ©; are linear we have [8]

o 99 (ng e, a%pgﬂ
(70,20)

Ozy \ af 0z,0zy 012

Referring to [8] for the definitions of the partial derivative terms appearing above, we

specifically have
, 00, 0P 00, 00
bo:—(—1—1+—1—2) <0
81'1 31’2 a.’l'z 81'2 (70,%0)

DYNAMIC

8_3} _ /t oxp ( / t
Bx% (70.20) 0 u

and

We are therefore led to

Hence,

if (3.5) holds.
Also,

do

so that df = 0 at T = Thax. 1
T > Tmax. That is, by Theorem
has a positive periodic solution
Traax-

4. DISCUS

In Figure 1, a numerical si
that the conditions in Theorem !
is seen to tend toward the per
periodically. The corresponding
Figure 2. Figure 3 shows a nu
conditions in Theorem 3.4 holc
periodic solution containing im
period of T = 130 units of time
oscillations are seen in Figure 4.

Our analysis suggests a ver
adjustment of the frequency 7
values of p and u, in order to ob
conclusions indicate that we ma
even at the vanishing level of th
signals. On the other hand, if
a convenient fixed level, then it
so that Thax, solved from equat
whichever case is the desirable




"SUIODINO S[GRIISIP Y3 ST 9SBO IoAdYPDIYM
01y ‘(¢g) 10 ‘(1°g) Aenbsur ayy sispusr ‘(¢°¢) uoryenba woly peafos U qery os
d esindwit oy3 jo yisusils ayy jsnlpe oy a[qssod ST 31 UsY] ‘[0A9] POXY JUSIUSAUOD B
Ye 1dey st sjuewyes1y Snip eaispndun jo pouad ayj JI ‘puey Ioylo sy3 u( -speuds
[BUI33X3 Jo pourad mo] & Je s103daver padnos pueSi oy jo [9AS] SUIYSTURA 3} 1@ UsAd
usSe SUIIGIYUI 97} U SUOIB[[DSO paure)sns 10odxe Aeur om 187} 97BDIPUI SUOISTOUOD
[eonsd[euR 1o ‘A[eoyedg swooino PaIisap 84) u1e}1qo 09 19pIo ut ‘rf pue d Jo sanpea
9} Aq Pojoeyel ‘safesop Syl 10 SIULITesI] 3y} jo % Adusnbeyy s1y) jo jusurjsn(pe
Aq sse001d uoronpsuer) [BUSIS 8Y) JO [0I1IU0D 10}y onuaA © $3$958NS s1sA[eur In()

"7 9INS1] Ul USIS 918 SUOIIR[[I0S0
paureisns Juniqiyxe ir pue LT jo $alIes SWI) oy L euwly jo syun ggl = . jo pousd
AIoAs Tr pue T S3[qeLIRA 33BIS 9Y) UI sdumn( satsindun Sutureuoo uorynios orporssd
aansod e premoj spusy £10300(e13 uoignjos oL 'PIOY ¥'g WISIOLYJ, Ul SUOIIPUCO
9y} 9Ieym 858D BY3 Wl (¢ 1)—(T'T) JO UOIN[OS [ROLIBWINU © sMoys ¢ 9Indrg g 2mnsiy
Ul umoys sle ased siyy ul ¢z pue 'z jo sowes swry Surpuodseiion ayJ, ‘Afreotpotiad
SITRI[ISO °T S[yM sdystues T a1eym uonn[os oipowed oY) premol pus} 03 UISS §I
aueld-(2x 1z) oy ur £10908(e13 UOTIN[OS A, "PIOY 1'¢ WOI0SY T, UT SUOIYIPUOD 33 JBYY
9SED 93 UL UMOYS ST (¢'])-(1'T) UIP)ISAS JO UOIRNUNS [EOLISWINU € ‘1 aIn3rg uj

NOISNTONOD ANV NOISSNDSIA P

03 9SO st pue *HJ < [ i [eoryunadns st gorgm uonnjos otpoured sarjisod ® sey
(£ 1)-(11) wv1s4s oy yey} opN[OUOY Aew om ‘8] 30 g weIoeyy, 4q ‘st jeYy, UL < T
J10 < Op pue UL > [ i o[qess st 0T wonn(os oy, UL = I je 0 = %p reqs os

(0z01)

txp txp o
T~ 1L=p
tPE tOQ
‘os|y
'sprey (g¢) i
0>08
‘Qouel
0<D
01 D3] 2I0Jo1aY)} SI8 9p)
ZIQ 0 Z];Q
N <sp— | dxo = —=
p‘"‘:[ e, tpQ
pue
(oztor) z 0 4 z n 0 (ozor) r 7,
0> [np <9p-£g /) dxe 228 (s*p—a—:g /> dxe / = [Eﬁi
e ., eI.Q t1e, : $z0
£99 TIAON YVANIINON V J0 SOINVNAQ

%) /o0
> —_—
0 ( 272

am ‘anoqe Surreadde SWIIa) S9AIJEALISD

(01:‘0,L)|:( gl,e )
¢p0

8

(0z*0L) er
0 < ep—=
0 [ e

(oz*az) 2zo O
[gp.z_g /4
H0 ,

(O‘LZ’D——
(O_LZ'D_

(0z+0y) 1
0< [SP[—

»
s

(oxtoL)
0< {

0>

(oz+or) -LQ [:EQ 9,0
K@é 00 1

(0z*0L) ZIQ 0 ZIG
np | sp—=— dxe —
0~ [p(ijQnD 2,

"SMO[[0] S®

1z + Z:EVq gz -

Z;L-Sq (%)

C

aARY

OdINVIYL "M ONV ‘NOSON




664 C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO

Thus, our work is expected to form a valuable basis for further investigations into
how we could better manage and control such a complex signaling system, the proper
function of which is crucially connected to human’s health and disease.
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C. RATTANAKUL, Y. LENBURY, J. KONGSON, AND W. TRIAMPO
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FIGURE 3. Numerical solution of the system (1.1)—(1.2) in the case that
T > Thax. showing the solution trajectory tending toward a positive
periodic solution with impulsive jumps. Here, a; = 0.7,..., b5 = 0.5,
p=1.p=03 T =130, and Ty, = 119.6046.
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FIGURE 4. The time series of z;, in 4a), and x5, in 4b), corresponding
to the case seen in Figure 3.
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ABSTRACT. Let w(-) denote the u
this paper we prove that, for given cor
of the product map f1 X --- x f, and

This result enriches the theory «
the form
Flzy, ...,z

where o is a permutation of the set o
set w(F') is closed and we also show t
F. These results solve open question
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AMS (MOS) Subject Classificatis

1. INTRODU(

Let X be a compact metric
from X into itself. Put I := [C
w € C(X)and z € X we conside
w-limit set w,(x) of the point z
of Orb,(xz). Finally,

is the w-limit set of the map .

Consider now fi,..., fm € C

(1.1) w(fy % - -

Clearly in some particular cases
equation is satisfied. On the othe
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